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Abstract 

This paper shows the necessity of introducing a new quantum object, the "co- 
boson" , to properly describe any composite particle, like the exciton, which is made 
of two fermions. Although commonly dealed with as elementary bosons, these com- 
posite bosons — "cobosons" in short — differ from them due to their composite 
nature which makes the handling of their many-body effects quite different from 
the existing treatments valid for elementary bosons. As a direct consequence of 
this composite nature, there is no correct way to describe the interaction between 
cobosons as a potential V. This is rather dramatic because, with the Hamiltonian 
not written as H = Hq + V, all the usual approaches to many-body effects fail. 
In particular, the standard form of the Fermi golden rule, written in terms of V, 
cannot be used to obtain the transition rates of two cobosons. To get them, we 
have had to construct an unconventional expression for this Fermi golden rule in 
which H only appears. Making use of this new expression, we here give a detailed 
calculation of the time evolution of two excitons. We compare the results of this 
exact approach with the ones obtained by using an effective bosonic Hamiltonian 
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in which the excitons are considered as elementary bosons with effective scatterings 
between them, these scatterings resulting from an elaborate mapping between the 
two-fermion space and the ideal boson space. We show that the relation between 
the inverse lifetime and the sum of the transition rates for elementary bosons differs 
from the one of composite bosons by a factor of 1/2 ; so that it is impossible to find 
effective scatterings between bosonic excitons giving these two physical quantities 
correctly, whatever the mapping from composite bosons to elementary bosons is. 
The present paper thus constitutes a strong mathematical proof that, in spite of a 
widely spread belief, we cannot forget the composite nature of these cobosons, even 
in the extremely low density limit of just two excitons. This paper also shows the 
(unexpected) cancellation in the Born approximation of the two-exciton transition 
rate for a finite value of the momentum transfer. 

PACS.: 71.35.-y Excitons and related phenomena 
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1 Introduction 



Excitons are known to be composite particles made of one electron and one hole. They 
of course interact through the electron-electron, hole-hole and electron-hole Coulomb 
potentials. They also interact in a quite subtle manner, through Pauli exclusion between 
the fermions from which they are made. The purpose of this paper is to study how this 
Pauli exclusion enters the exciton transition rate and lifetime. 

The major difficulty induced by the composite nature of the excitons is the impossi- 
bility to identify an interaction potential between excitons, even for the Coulomb contri- 
bution. While the electron-electron and hole-hole Coulomb potentials are unambiguously 
parts of the interaction between two excitons, such an identification is ambiguous for the 
electron-hole parts. Indeed, while Veh' = — e^/|re — rh'\ is part of the interaction between 
excitons made of (e, /i) and (e',/i'), the same Veh' is clearly not part of the interaction 
between excitons if these excitons are made of {e,h') and {e',h). Since electrons and 
holes are indistinguishable, there is no way to know how these two excitons are made, so 
that there is no way to write the part of the Coulomb interaction between two excitons 
properly. 

In spite of this obvious problem, various procedures [1,2] have been proposed to re- 
place the semiconductor Hamiltonian written in terms of electrons and holes by an ef- 
fective Hamiltonian written in terms of excitons considered as elementary bosons, with 
an effective exciton-exciton potential between them. Even if the bosonization procedures 
may appear as rather sophisticated [3], it is clear that some uncontrolled manipulations 
have to be done in the mapping of the two-fermion subspace into the ideal boson sub- 
space, in order to transform the exact electron-electron Coulomb potential, written in 
terms of electron operators as a^a^a a, into a part of an exciton-exciton potential, which, 
in terms of exciton operators, reads as B'^B'^B B, these exciton operators being made of 
electron-hole pairs, i. e., 5^ being linear combinations of a^6^. In a previous work [4], 
we have already shown that there is no way to find prefactors for these B'^B'^B B terms 
which could produce the correct correlations between two excitons at any order in the 
exciton-exciton interaction. We here show somewhat in details that there is no way to 
find B'^B'^ B B prefactors which would produce both the exciton-exciton transition rate 
and the lifetime of an exciton state correctly, even in the case of just two excitons : If we 
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know the correct value of one of these two physical quantities, for example the transition 
rate, we can possibly adjust the B'^B'^BB prefactors in the effective bosonic Hamilto- 
nian to recover the correct transition rate. However, there is no way to be sure that the 
same prefactors would give other physical quantities correctly, a factor of 2 being actually 
missed in the lifetime, as previously reported in ref. [5]. 

This major failure, which puts the concept of effective bosonic Hamiltonian to describe 
interacting excitons in a very bad shape, should push the very large amount of physicists 
using such effective Hamiltonians [6-14], to reconsider their works in the light of the 
many-body theory for "cobosons" — a contraction for composite bosons — that we have 
recently constructed [15] and which is free from any bosonization. 

The fact that a trustworthy exciton-exciton potential does not exist, has dramatic 
consequences on the possible treatment of many-body effects involving excitons. Indeed, 
all known approaches to many-body effects [16,17] are based on rewriting the Hamiltonian 
as H = Hq + V , with V being the interaction potential responsible for the many-body 
effects, and treating as a perturbation, possibly at infinite order in case of singularities. 
Without the availability of such a potential V, a novel many-body procedure, which does 
not rely on a would-be V, has thus to be constructed from scratch in order to derive 
many-body effects between excitons. This is the purpose of the theory we are presently 
developing. 

In order to put the difficulty associated with the composite nature of the excitons 
on a proper formal basis, it is of importance to realize that all failures in the previous 
approaches to the exciton many-body physics can be traced back to the difficulty of 
properly handling Pauli exclusion, which prevents these excitons from being exact bosons. 
Let us introduce the exciton creation operators Bj as being such that the Bj\v)^s are the 
exact one-electron-hole-pair eigenstates of the semiconductor Hamiltonian, 



\v) being the vacuum state. These operators can be expanded on the free-electron-hole- 
pair operators as 



{H-E,)Bl\v)=0, 




where aj^.^ and bl_^ are the creation operators for free electrons and free holes, with momen- 
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turn kg and k;^, respectively, (kg, \<.h\i) is the i exciton wave function in momentum space, 
namely (ke,k/Ji) = (5ke+kft,Q, («/ike — aei^hWi), where Qj is the i exciton center-of-mass 
momentum and (k|i/j) is the relative motion wave function of the i exciton in k space, 
with ae = 1 — ah = me/{me + rrih). Using eq. (1.1), it is straightforward to show that, 
while [Bi, Bj] = as usual for bosons, the commutator Bi, Bj differs from 6ij, which 
would be its value if the excitons were elementary bosons. 

In order to set up on a precise ground the formalism associated to the fact that 
excitons differ from elementary bosons, we have been led to introduce [18,19] the set of 
Pauli parameters A defined as 

"^-'4] = E[A("/.) + A(:r/)] Bi, (1.2) 

n 

where the -D^j's are "deviation-from-boson operators" defined as 



Bm, B^ 



^mi D^jii . (1-3) 



The physical understanding of these A (^^''i) parameters and their link with the exciton 
composite nature become transparent once their expressions in real space is given : As 
rederived in appendix A, these parameters read 

^{m{) = J dr^dre' drhdvh' (l)l,{re,rh') (l)l{re',rh) (j)i{re,rh) (l)j{re',rh') 

= A(-;)=A(i;;,)* , (i.4) 

where the i exciton wave function in real space is ^^(re, r/^) = (re,r/i|z) 
= {ae^e + a/ifhlQi) (i"e " I'/il'^t), with (R|Q) = e'^'-^/L'^/^, for sample size L and space 
dimension D. The Pauli parameter A (^"'j) corresponds to a hole exchange when form- 



ing the "out" excitons (m, ri) from the "in" excitons (i,j) (see Fig. la). These exchange 
parameters are not exactly exchange scatterings in the sense that they are dimensionless. 

One important property of the A (^^''1) parameters is the fact that if we cross the holes 
of two excitons twice, we come back to the original situation. As shown in appendix A, 
we indeed have 

T.>^ill) >^(l'i)=S,.5,, . (1.5) 



Another transparent link between A (j^'^i) the possibility to exchange the carriers 
in forming two excitons is the fact that we can rewrite any -BJ-BJ in terms of all the other 



Bj^Bl's according to 

^1^] = -E^W) BlM. (1.6) 



As shown in appendix A, this equation is obtained by writing the i exciton in terms of 
aj. bt and by forming the m exciton out of at bt . 

We expect the physics associated to the non-purely bosonic nature of the excitons to 
appear through exchange processes of various kinds, which are all going to be expressed 
in terms of these A (m'^j^'s. The pure-bosonic exciton approximation used in the effective 
bosonic Hamiltonian corresponds to take all these A equal to zero, after having 

somehow cooked them with Coulomb processes, once and for all, to produce an exciton- 
exciton scattering "dressed by exchange" . 

In addition to non-bosonic behavior, the fact that the excitons are made of indistin- 
guishable carriers makes the Coulomb interaction between excitons quite tricky to define 
properly, as discussed above. We however need to identify such a quantity in a formal 
way, if we want to set up a procedure for handling many-body effects between excitons, 
since of course they are going to contain a certain amount of Coulomb processes. By 
writing [18,19] 

'h,bI]=E,bI + V^ , (1.7) 
y^^B]]=j:e''{l\) BlBi, (1.8) 

mn 

we in fact generate the set of Coulomb scatterings we want. Indeed, as rederived in 
appendix B, ^'^^^ (jn'^i) reads as 

^'^^ (m^i) = J dVe' dVh dVh' ^^l^e, fh) Ki^e', ^h') [V^e' + Vhh' " Vm - Vfte'] 

X(/)i(re,r/,) 0j(re',rfe/) 

with Vcd' = e^/|rc — rrf/|. We see that, in this ^'^"^(m'^t); the "in" exciton i and "out" 
exciton m are made with the same pairs (e, h) and similarly for the excitons (j, n) ; so 
that, in ^'^^^ (^"'4)5 ^^e electron-hole Coulomb interaction (Vgh' -|- Ve'h) is unambiguously a 
Coulomb interaction between both the "in" excitons (i,j) and the "out" excitons {m,n) 
(see Fig. lb). Let us add that, while the exchange parameters A (^m/j) dimensionless, 
these ^'^^ (m"'i)'s are energy-like quantities. 
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Using these (m''j)'s and A (m'^j)'s, it is possible to derive the many-body physics 
of excitons in an exact way. In particular, we can construct the two exchange Coulomb 
scatterings which exist between two excitons. As rederived in appendix C, the one in 
which the Coulomb interaction takes place between the "in" excitons only reads 

tin /n A _ \^ \ s \ tdii ( s j\ 
S \ni i J / J ^ \m r/ ? \^ V 

rs 

= j dve dr^, dvh dvh' 0;^(re, r/,/) (/'^(re/, r,,) 

X [Vee' + Vhh' - Veh' - Vhe'] 0i(re, Th) 0j(re', Th') 

= r(n;) • (1-10) 

In this Coulomb scattering, the electron-hole part (Kh' + K'/i) is between the "in" excitons 
{i,j) but "inside" the "out" excitons {m,n) (see Fig.lc). In a similar way, 

rs 

= J dve dve' dvh drh, 0;^(re, r/,) 0* (rg/, r/,/) 

X [Vee' + Vhh' - Veh' " Vhe'] 0i(re, ^h') 0j(re', Tft) 

= (::;) = [^{^^ly\ , (i.n) 

contains all Coulomb interactions between the "out" excitons (m, n), its electron-hole part 
being inside the "in" excitons (see Fig. Id). 

The exchange parameters A (^'^i) being dimensionless, it is possible to build energy-like 
scatterings out of them, through 

^ fr^O = + En-E,- E,) A (:^^,) . (1.12) 

Note that, as the exciton energy contains the band gap, scatterings having the sum of 
the "in" and "out" energies, instead of the difference, would depend on the band gap, 
which is physically unacceptable for many-body effects coming from carrier interactions. 
Actually, such scatterings never appear. It turns out that 8 {^^^ defined in eq. (1.12) is 
not an independent scattering but reads in terms of the two exchange Coulomb scatterings 
defined in eqs. (1.10-11) as (see appendix D) 
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From the above discussion, we see that four scatterings between two excitons are 
energy-hke quantities, namely ^"^^ f"" (1^^^^ (^^i) and S (^^^i). It is reasonable 

to expect the exciton-exciton transition rates to read in terms of a linear combination 
of these four scatterings. The purpose of the present work is to determine this linear 
combination by using a full-proof procedure. 

In order to do it, the first difficulty is to identify the proper way to determine these 
transition rates. If an exciton-exciton potential were to exist, the exciton-exciton transi- 
tion rate would result from the Fermi golden rule written in terms of this potential. As 
such a potential does not exist, it is necessary to construct a formal equivalent of this 
Fermi golden rule in which H only enters, i. e., in which H is not split as Hq + V. This 
formal equivalent, already given in ref. [5], is rederived in the section 2 of this paper, 
somewhat in details, for completeness. 

In order to calculate these transition rates, we also need to identify the relevant "in" 
and "out" states of the transition. For that, we first note that an A^-electron-hole-pair 
state can always be written in terms of free pair states, 
^i-ej^i-h ■■■'^ke^^L 1"^)' representation on this free pair basis being unique. How- 
ever, as electron-hole pairs are highly correlated into excitons when their density in Bohr 
radius unit is small compared to 1, the representation of physical relevance for A^-pair 
states in the low density limit, is for sure not the one in terms of free pair states but the 
one in terms of exciton states, namely ■ ■ ■ bI^\v). This physically relevant represen- 
tation however is mathematically unpleasant because, due to eq. (1.6), it is not unique, 
the 7V-exciton basis being overcomplete. As shown in details below, it is actually possible 
to deal with this unpleasant feature and to calculate the time evolution of any of these 
A^-exciton states, using the expression of the Fermi golden rule given in section 2. 

Among these A^-exciton states, the state {Bq)'^\v), with all the excitons in the same 
state 0, is particularly simple and of possible physical interest. Indeed, while it is not the 
exact ground state of A^ excitons — otherwise it would not evolve with time, — it is close 
to it. Moreover, this state is the one coupled to A^ photons tuned to the ground state 
exciton, so that it plays an important role in all semiconductor optical nonlinear effects. 

Although the state iBl)^\v) may appear as particularly simple, let us stress that the 
precise calculation of its time evolution already contains three major difficulties : (i) The 
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first one is to correctly determine the time evolution of composite bosons taking into 
account all the carrier exchanges which can take place between them, (ii) The second 
one comes from the difficulty of handling many-body effects between a large number of 
these composite particles, (iii) The third one comes from the fact that excitons have 
a spin degree of freedom. As the exchange processes mix the electrons and holes of two 
excitons, they also mix their spins. They, in particular, transform two bright excitons with 
opposite spins, (±1), into two dark excitons with opposite spins (±2). If we take into 
account these spin degrees of freedom, the exchange parameter A (^rJij, defined through 
eq. (1.2), becomes a 8^ x 8^ matrix, each bulk exciton having 2x4 spin degrees of freedom. 
The situation is somewhat better for narrow quantum wells since the light hole band with 
spins (±1/2) is well separated from the heavy hole band with spins (±3/2), so that we 
can forget it. However, the A (^^"'«) parameter is still a 16x16 matrix. 

In order to reach a deep understanding of the tricky physics involved in these exciton 
scatterings, we find appropriate to divide this work into three parts. 

The present paper I mainly deals with the composite character of the excitons by con- 
sidering the time evolution of two excitons without spin degree of freedom. This physically 
corresponds to have two electrons with same spin and two holes with same spin, as possibly 
produced by the absorption of two circularly polarized photons in a quantum well. 

In section 3, we calculate its time evolution using the formalism of the effective bosonic 
Hamiltonian, as many physicists commonly think about excitons in this way. 

In section 4, we calculate the time evolution of the state {Bq)^\v) made of two identical 
composite excitons. From it, we derive the lifetime of this state as well as the transition 
rate towards another two-exciton state BjBj\v), using the formal equivalent of the Fermi 
golden rule rederived in the section 2 of this paper. 

In section 5, we qualitatively discuss the various results obtained by using the effec- 
tive Hamiltonian in which the excitons are replaced by elementary bosons, with similar 
quantities obtained for composite excitons. 

In section 6, we quantitatively calculate the various elementary scatterings that our 
composite exciton formalism introduces, namely and S, in the case of 2D 

ground state excitons, when the two "in" excitons have the same momentum. We also 
calculate the transition rate of this two-composite-exciton state, as a function of momen- 
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turn transfer Q, and we compare it to its value when excitons are replaced by elementary 
bosons. We see that the discrepancy is quite large, except for very small momentum 
transfer or in the limit of infinitely heavy holes. This strongly questions the impressive 
fits of experimental results obtained by using the standard exciton-exciton scatterings 
dressed by exchange, since in real experiments, the hole mass is never that large, to make 
all exchange scatterings equal. We also see that the exciton-exciton transition rate does 
not monotically decrease with increasing momentum transfer, but cancels for a finite 
value of the momentum transfer Q. This cancellation may suggest that, in order to get a 
physically relevant transition rate at large momentum transfer, it might be necessary to 
go beyond the Fermi golden rule, i. e., the Born approximation. However, it might also 
be possible that this cancellation survives beyond Born approximation. 

The discrepancy between the results obtained for elementary and composite bosons 
is not fortuitous but has a quite deep origin. Indeed, the bosonic approach has to fail in 
an irretrievable way because of a mathematical reason. Bosonic exciton states form an 
orthogonal basis for two-pair states. On the opposite, composite exciton states form an 
overcomplete set, due to the composite nature of the particles. This overcompleteness is 
directly linked to the appearance of an additional factor 1/2 between the inverse lifetime 
and the sum of transition rates, which comes from the difference which exists in the 
closure relations of composite and elementary bosons, as explicitly shown in ref. [20]. The 
existence of this factor 1/2 in fact shows that it is impossible to build a set of effective 
scatterings which would produce both, the lifetime and the transition rate towards another 
exciton state, correctly. This actually constitutes a strong mathematical proof that we 
cannot forget the composite nature of the particles, even in the extremely low density limit 
of just two excitons. 

Since the calculations with composite excitons we present here, use quantities we have 
introduced in various previous works dealing with what we first called "commutation tech- 
nique" , we have found useful to rederive the important relations between these quantities 
in a self-contained appendix with coherent notations, some of these derivations being 
actually simpler than the ones we first gave. 

In paper II, we will still consider two excitons only, but we will take into account the 
spin degrees of freedom of these excitons. From the interplay between direct and exchange 
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scatterings, it is possible to deduce a set of interesting polarization effects between the 
photons which create the initial state and the bright and dark states produced by its time 
evolution. In this paper II, we will consider all possible polarizations for quantum wells 
only. In the case of bulk samples, it is more appropriate to speak in terms of polaritons, 
instead of excitons. The physics of interacting polaritons is a priori very similar to the 
one of interacting excitons, the additional photon part of the polariton of course being an 
elementary boson. We are soon going to propose a new approach to interacting polaritons. 
This will allow us to derive the various subtle polarization effects which come from the 
fact that exchange processes between the exciton parts of the polaritons are described by 
exchange parameters A (^^"'1) which now are 64x64 matrices. 

Paper III will deal with A^-exciton states. The change from 2 to is not small; it 
induces some very substantial difficulties. One important — but quite tricky — aspect 
of the A^-exciton physics is the fact that, unlike for electrons, many-body effects with 
A^ excitons coming from exciton-exciton interaction are not associated to an order in 
Coulomb interaction, but to an order in the dimensionless parameter associated to density, 
namely, 

7/ = Ar(ax/L)^, 

with ax being the exciton Bohr radius, L the sample size and D the space dimension. The 
factor A^ entering this rj parameter can appear in calculations dealing with A^ excitons in 
very many different ways. A careful counting of these A^'s — and the exact cancellation of 
overextensive terms in N^{ax/ with p > q — turns out to be rather tricky. However, 
this is only in this last paper on the time evolution of A^-exciton states that we will really 
face the many-body physics of composite excitons in its full complexity. A short report on 
the scatterings between A^ excitons, without spin degree of freedom, has been published 
in ref. [5]. Its key result is the fact that the additional factor 1/2 between the inverse 
lifetime and the sum of transition rates here shown for two excitons also exists for A^ 
excitons. In a more recent work [20], we have established the link between this additional 
1/2 factor and the overcompleteness of the basis made with composite exciton states, by 
showing, in details, how this factor 1/2 appears for N = 2 and A^ = 3 excitons, using 
the difference which exists in the closure relations of elementary and composite exciton 
states. 
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The precise comparison between composite excitons and pure-bosonic excitons done 
in the present paper, leads us to think that the present "coboson" formahsm must be 
of interest, not only for interacting excitons, but also for many other composite bosons : 
This coboson formalism, free from bosonization, might reveal unexpected physical effects 
or, at least, lead to a deeper understanding of the presently known physics. A first idea 
is to reinvestigate interacting hydrogen atoms, or to reconsider the physics of "ultracold 
atoms", which is a domain of very high current interest. We can also think of using it 
in the on-going extensive studies of interactions between positronium atoms [21] : These 
atoms seem to be very good candidates to reveal the importance of fermion exchanges as 
they are formed with fermions having equal masses. 

An easy switch from excitons to general cobosons is made by noting that the many- 
body physics of any other coboson is expected to depend on exchange parameters A (^m/j) 
and direct scatterings ^'^^^ (m/i)? very similar to the ones defined in eqs. (1.4) and (1.9), 
where (re,r/i) represent the spatial coordinates of the fermion pair at hand, 0i(re,r/i) 
being the wave function of the one-pair eigenstate of the system Hamiltonian and Vee', 
Vhh'i Veh the potentials between identical and different fermions. 

With respect to the possible representation of the coboson many-body physics, we 
can note that the many-body theories at hand up to now [15,16] were designed to deal 
with interacting elementary particles, fermions or bosons ; so that the Feynman diagrams 
which visualize the underlying perturbative theory, are rather easy to draw, due to the 
well defined interaction potentials which exist between these elementary quantum par- 
ticles. For cobosons, we have had to construct, not only a new many-body theory, but 
also a fully new diagrammatic representation [22]. We have called these new diagrams 
"Shiva diagrams", in reference to the multiarm hindu god Shiva, as they have a multi- 
arm structure. These diagrams make appearing the elementary scatterings between two 
cobosons ^'^^^ A {^^ij- It is of importance to stress that, since an interaction 

potential between cobosons does not exist, the corresponding diagrams are not a simple 
visualization of a perturbative theory. 
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2 The Fermi golden rule in terms of H only 

Let us consider that, at initial time t = 0, the system is in a normahzed initial state \ipo) 
which is not eigenstate of the system Hamiltonian H, otherwise it would not evolve with 
time. At time t > 0, this state reads 

1^*) = e-*^*|^o) = IV^o) + 1^*) . (2.1) 

By definition, \tpt) is the state change due to the time evolution, while H = H — {H)q, 
with {H)q = (tpolHltpQ) being the expectation value of the Hamiltonian in the initial state 
(we take h = 1 throughout the paper) : By writing H instead of H in eq. (2.1), we have 
in \ipt) introduced an irrelevant constant phase factor e*^^^''* for convenience. 
We then note that 

^l^o) = P±H\i^o) , (2.2) 

where Pj_ = 1 — \ipo){'^o\ is the projector over the subspace perpendicular to \ipo), i.e., 
-fj-lV'o) = 0. It is then easy to check that the state change {ipt), which physically comes 
from scatterings in the initial state, can be rewritten as 



\^t) = (e-*^* - mo) = FtiH)P^H\^IJo) , (2.3) 



where we have set 



-iEt _ 1 

F,{E) = ^ = -2m e-"''" S,(E) 

HE) ^ . (2.4) 

St{E) being a peaked function of width 2/t, which reduces to the usual Dirac 6 function 
in the limit of infinitely large time t. 

From the definition of the lifetime tq of the lipo) state, namely, |('?/'o|'V^i)P = e~*/^°, we 
have, since {'iptli't) stays equal to 1, 

t 



- ^ i-K^oi^*; 

^0 



|2 



= {^Mt)-\{H^t)\' = mP±\i^t) . (2.5) 

By using the state change \tpt) introduced in eq. (2.1), and the fact that P±\'ipt) = P±\'ipt), 
eq. (2.5) can be rewritten as 

- = (^i|V^i)-K^o|^t)|'. (2.6) 

To 

13 



It is straightforward to check that the above eqs. (2.3) and (2.6) give the well known 
result in the usual case, i e., when H = Hq + V , with \ipo) = |0) and Ho\n) = Sn\n). 
Indeed, the state change at first order in V is obtained by replacing, in eq. (2.3), Ft{H) 
by Ft{Ho), with Hq = Hq - Sq, while P±H\0) = J^n^o KoN), so that 

iV^i) = Ft{Ho)Y.yno\n) + 0{V^) 

= Y.ynoFt{Sn-So)\n) + 0{V') . (2.7) 

The transition rate from |0) to \n ^ 0) follows from 

^ = |(n|V;t)P = ~ 27rt|Kop5i(^„ - ^o) , (2.8) 

since we do have 

\Ft{E)\^ ^ \FmFt{E)\ ^ \Ft{E)\t = 27rt6t{E) . (2.9) 

If we now turn to the lifetime of the |0) state, we find from eq. (2.7) that (Oltpt) = 0(\^^), 
so that t/ro to second order in V reduces to {iptl'ipt)- Using eq. (2.7) and eq. (2.9), we 
thus recover the well known result, 

1^27r ^lKoP^i(^n-^o) • (2.10) 

We can also get this equation by noting that, as the \n) states are eigenstates of Hq, they 
form an orthonormal basis, so that 

1 = {^M = (z^,|^|n)(n||^,) = \m)\' + T.Mi^t)\' . (2.11) 



Consequently, due to eq. (2.5) we must have 



7 - E ^ > (2-12) 



in agreement with eqs. (2.8,10). 



3 Two bosonic excitons 

Let us first follow a procedure, quite often found in the literature, which assumes that 
composite excitons can be validly replaced by elementary bosonic excitons in the low 
density limit. Their creation operators are then such that 



(3.1) 
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provided that the composite character of the excitons is included in the Hamiltonian 
through the matrix elements of an appropriate phenomenological exciton-exciton interac- 
tion. The semiconductor Hamiltonian is then replaced by an effective bosonic Hamiltonian 
Hcs = + V^x; where the one-body part reads 

H^ = Y.E,B\Bi, (3.2) 

i 

while the exciton-exciton potential is written as 

^xx = - X! ^rnnij -^1 Bi Bj , (3.3) 

mnij 

with Vmnij = Vnmij = Vmnji duc to possiblc chauges in the bold indices, while Vmnij = Vijmn 
in order to insure hermiticity, ifefr = -f^is- 

As, for Hamiltonian eigenstates, 5mi = {m\i) = {v\BmBl\v), we have in the two-exciton 
subspace, due to eq. (3.1), 



{V 



Bm Bn B\ B]\v) = {v\Bm {B\ B^ + 5^n) B]\v) = S^i S^j + S^j Sni • (3.4) 



= = 10,.) • (3.5) 



Consequently, the normalized two-exciton states are given by 

Transition rates towards other two-exciton states exist because is not eigenstate 
of the Hamiltonian, so that this state evolves with time. In this time evolution, the 
state gets non-zero projections over |0^„) with (mn) 7^ (ij). For simplicity, let us 
study the scattering of two excitons in the same state = {i'o,€lo), towards any other 
two-exciton state. The normalized initial state is then \ipt=o) = |0oo) ~ (Vv^)-Bo^|w). By 
noting that, due to eqs. (3.2, 3.3), 

H,sBIbI\v) = {Ep + E,)BlBl\v) + J2Vr.np,BlBl\v) , (3.6) 

mn 

we get, from eq. (3.4), the expectation value of the Hamiltonian in this \iPq) initial state 



as 



(i/eff)0 = (0ool^eff|0oo) = 2 ^0 + ^000 ( 3.7) 

Using eqs. (2.2, 3.6, 3.7), we then find 



Bl \v) = (/Jeff - {HMBl \v) = (Kx - Voooo)bI \v) = J2 Kn„,ooi?Ls>) , 

mn^OO 



\'t 

(3.8) 
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since, due to eqs. (3.3,3.4) we do have 

V^^bI'\v) = \y1 V.nmABl\v){v\B,B,Bl'\v) = Y: V^^ooBIbIIv) . (3.9) 

ninij mn 

To first order in the interactions, the state change \ipt)j given by eq. (2.3), is obtained by 
replacing H by its zero order contribution, namely — 2Eq. This leads to 

\%,)= FtiE^ + En- 2i?o)Knn.OO ^"'^'''^ + 0{V') . (3.10) 

It is clear from the start that, for physically relevant — not too large — momentum Qo, 
energy conservation imposes the scattered states (m, n) to belong to the same relative 
motion subspace z/q as the initial excitons. We then note that momentum conservation 
in the Coulomb interactions leading to the exciton-exciton scattering Knnoo imposes the 
(m, n) states forming lip^) to be such that m = (i/q, Qo + q) and n = (i/q, Qo — q), the mo- 
mentum transfer q differing from 0, in order for (m, n) to differ from (0, 0). Consequently, 
the scattered states are made of different excitons, m ^ n. 

The transition rate towards a (normalized) two-bosonic-exciton state with (z, j) 7^ 
(0, 0) is thus given by 

as (0jj|0oo) — (^'i) 7^ (OjO); due to eq. (3.4). This leads to 

2 



t 1 



Y FtiErn + En- 2Eo) Kn„oo {v \ B ^B ^ bIbI\v) 



(3.12) 



TijjLQQ 2{1 + 6ij) 

We then note that, due to energy and momentum conservation, this transition rate differs 
from zero for i ^ j only. So that eqs. (3.4,2.9) give the transition rate from |0oo) to 

=^ ^ 4 7i\Vijoo\'St{Ei + Ej-2Eo) 



27r 



Kcx|0oo) St{E, + Ej-2Eo) , (3.13) 



in agreement with the well known expression of the Fermi golden rule. 

If we now turn to the bosonic-exciton lifetime, we see from eq. (3.10) that (^ool"^*) 
0(y^), so that, to second order in V, we have 
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To 



^ J2 F:{E, + E, - 2Eo)FtiErn + En- 2Eo)^.*ooKnnoo {v\B,B,Bl^Bi\v) 

mn=iOO,ij^OO 

t27i \Vijoo\^ St{Ei + Ej - 2Eo) . (3.14) 



We thus end with 



^ jjyoO ^ n couples(i,j)7^(0,0) ^ V 



(3.15) 



We can also recover the above hnk between hfetime and transition rates by using 
the closure relation for two-bosonic exciton states. Since any 2-boson state |$) can be 
rewritten as 



1 



'^) = i;T.BlBl\v){v\B,B,\<^) , 



2! 



(3.16) 



— easy to check from eq. (3.4), — the closure relation for elementary bosons reads in 
terms of the normalized bosonic exciton states {(p^j) as 



I=IY.BI bI\v) {v\B,B, = ^ + {<t>^J\ = E \<l>u) M + ^ E \<t>^J) 



If we use this closure relation into (^/'J^/'j), we get 



(3.17) 



(3.18) 



We now remember that = \4>oq) + I'ipt)^ where contains terms in mn ^ 00 with 
m ^ n due to momentum conservation in the Coulomb scatterings producing the time 
evolution. This leads to {(palipt) = for i ^ 0, while the sum over i ^ j can be replaced 
by a sum over {ij ^ 00). So that we end with the lifetime of the |0oo) state given by 



^ ^ 1 - i(0ool^t)P = ^ E ^ ^ E ^ 

''0 ^ jjVOO 



2 ^ T- 



(3.19) 



in agreement with eq. (3.15). 



4 Two composite excitons 

We now turn to real physics with excitons made of electron-hole pairs. The semiconductor 
Hamiltonian, H = Hc + Hh + Vee + Vhh + Voh, reads in terms of electron and hole creation 
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operators aj^. and fej., with any two-pair state a priori written as a sum of products of 
two free pair operators ctk^^k^- As in the low density hmit, these pairs form excitons, the 
representation of two-pair states in terms of two excitons is clearly the relevant one in 
this limit, the way to go from the free-pair representation to the exciton representation 
being given by eq. (A5), in appendix A. 

Although physically relevant, this exciton representation raises some major difficulties 
which have to be faced and handled if we want to use it safely. The first one comes from 
the fact that the A^-exciton states are not orthogonal for N = 2 already. Indeed, by using 
eqs. (1.2, 1.3) and by noting that Dni\v) = 0, which readily follows from eq. (A. 3), we 
find 

{v\BmBnB}B}\v) = {v\B„^{B}Br, + 6m-Dni)B}\v) 

which differs from the scalar product of two-boson-exciton states given in eq. (3.4) by the 
presence of the two A terms. Because of these exchange parameters which originate from 
the composite character of the excitons via the deviation- from-boson operator D^i, we 
see that, unlike boson excitons, the two-exciton states are never orthogonal, even if the 
excitons (m,n) are different from 

Another difficulty, which is related to the above one, comes from the fact that there 
is an infinite number of representations of a given state {tp) in terms of excitons. This 
difficulty is directly linked to the identity (1.6). Indeed, if we know one representation 
of a state in terms of excitons, we can produce an infinite number of equally valid 
representations by using this equation (1.6). Indeed 

= T.i-T.^{':n^)i^^]BlBi\v) 

mn \ ij J 

ij \ mn / 

= Y.M^^y)BlB\\v) , (4.2) 

where x and y are two arbitrary constants such that x + y = 1. Starting from one 
representation of in terms of excitons, we can thus construct an infinite number of 
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prefactors ipij{x,y) for the same state \ip). 

In spite of these difficulties, the exciton representation is the relevant one at low 
density, the system being closer to excitons than to free pairs. Consequently, it is necessary 
to learn how to work with these exciton states properly and to cope with all the underlying 
problems associated to them. 

In this work, we are interested in the exciton-exciton transition rate. Such a transition 
rate exists because the two-exciton states are not eigenstates of the semiconductor Hamil- 
tonian, so that they evolve with time. Due to eq. (4.1), these normalized two-exciton 
states read, instead of eq. (3.5), 

BjBllv) , ^ 

) = I ■ (4-3) 

+ %-A(i/)-Agi) 



As for bosonic excitons, let us take as initial state two excitons in the same state = (z/q, Q, 



oj 



\0 

In order to calculate its time change {tpt) given in eq. (2.3), we first need to calculate 
HBf\v). Using eqs. (1.7, 1.8) and noting that V^\v) = 0, which follows from eq. (1.7), 
we readily find 

(H - 2Eo)Bl'\v) = {I'o) BlBllv) . (4.5) 

mn 

Before going further, let us mention an additional difficulty with these exciton states, 
which is another aspect of the one leading to eq. (4.2). Making use of eq. (1.6), one sees 
that the RHS of the above equation is unchanged if we replace ^'^^^ (m°o) ^y — ^™ (mV' 
since ^'^^'^ and ^™ are related by eq. (1.10). This shows, using the same procedure as in 
eq. (4.2), that we can, in eq. (4.5), replace C,'^" (J^°o) by C, im^o)^ "^it^ 

^{':n\)^<''"(i\)-br{i'?) , (4.6) 

where a and b are two arbitrary constants such that a + b = 1, with a and b chosen real 
for simplicity. Consequently, the scattering of two excitons into two other excitons may 
seem somewhat arbitrary. 
We can note that 



pq 
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which follows from eq. (1.10) and eq. (C.l) in appendix C. Consequently, the scatter- 
ings ^ (m/j) which stay unchanged by carrier exchanges, i. e., by, in eq. (4.5), rewriting 
BI^B\ according to eq. (1.6), are such that ^ (^''i) = ^'(m"'i)- They thus correspond 
to a = 6 = 1/2. This may lead to think that, among all the possible exciton-exciton 
Coulomb scatterings ^ ; ^he ones which are physically relevant, due to possible carrier 
exchanges between composite excitons, are precisely those stable under these exchanges, 
i. e., those with a = h = 1/2. 

Nevertheless, in order to fully master the apparent arbitrariness in the exciton-exciton 
Coulomb scatterings, we are, in the following, going to perform all calculations with ^'s 
having arbitrary a and h. This will allow us to see, in details, where this apparent arbi- 
trariness actually disappears from physical quantities. We will also see that the scatterings 
with a = b = 1/2, even if they may appear as physically nicer, are not any better than 
the other ones, with respect to the correctness of the lifetime and transition rates. 

Using eq. (4.5), we find that the expectation value of the Hamiltonian in the initial 
state |0oo) is given by 



2-2A(C g) 

Using eqs. (4.1,4.6,4.7), we first see that the sum in the above equation does not depend 
on the arbitrariness of ^. Indeed, we do have 

T.w,B,BiBi\v) e (:;^.) = k {1 - E A {; i) e (i^)] + (p - g) 

mn L mn 

e'{li)-C{r^]+{p^q) , (4.9) 

whatever a and b are. Consequently, the Hamiltonian expectation value does not depend 
on the particular scattering ^ used to calculate it, as physically reasonable : 

fdir (0 0\ _ fin (0 0\ 

J- - ^ lo oJ 

In the case of excitons, where the Coulomb repulsion between identical fermions is 
equal to the attraction of different fermions, the direct scattering is such that ^'^^^ ({] {]) = 0, 
due to eq. (B.18). However, in order for this work to be easily transposed to other cobosons 
like the cold gases of atomic physics for which the interactions between fermions do not 
have the above symmetry, we will keep writing this ([] []) in the following equations. 
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Using the value of {H)o given in eq. (4.10), it is easy to see that P±HBq^\v) entering 
the state change \ipt) reads 

P^HBl'lv) = {H-{H)o)Bl'\v)=Y.^t'o) BIbUv) - Voo bI'\v) , (4.11) 



with Voo defined as Vqo 



(H [J) - r ([J [J)J / [1 - A (0 0)]. Equation (4.11) makes 
P±HBq^\v) hnear in Coulomb interaction, as physically expected. 

If we now consider the transition rate from the initial state |0oo) to another exciton 
state |0ij^oo), a naive way to define this transition rate would be 

t 



ij 



|^t)r = |(0.,|0oo) + (0.,#*)r • (4.12) 



We then note that, while in usual problems dealing with transition rates, the initial and 
final states are orthogonal, being eigenstates of the unperturbed Hamiltonian Hq, this is 
not true for transitions between exciton states. Indeed, due to eq. (4.1), the initial and 
final states are such that 



2A 






\ 


/[2-2A(n)] 


1 + - 


A 




-X 


m 





) = . ^ ^ 7^ . (4.13) 



Hj^OO\(POO/ 



However, since this scalar product does not depend on time, while \ipt=o) is equal to zero, 
as seen from eq. (2.3), the RHS of eq. (4.12) does not cancel for t = 0, so that it cannot 
be equal to t/Tij. Actually, this nonzero contribution to the transition rate is completely 
unphysical because it corresponds to the fraction of the |(/)jj^oo) state already present in 
the initial state, due to the nonorthogonality of composite exciton states. 

When we speak of transition rate, we have in mind a transition induced by the time 
evolution of the system, the state change associated to this time evolution being nothing 
but \ipt)- Consequently, the physically relevant expression of the transition rate from |0oo) 
to |0jjyoo) cannot be eq. (4.12), but instead 

7^ = = |(0.,-|F,(^)P^i7|0oo)f , (4.14) 

in which we have used eq. (2.3) for \ipt)- Since, due to eq. (4.11), P±H\(f)QQ) is linear in 
Coulomb interaction, we just have to take Ft{H) at zero order in Coulomb interaction, in 
order to get the transition rate at second order. However, unlike for bosonic excitons for 
which a zero order Hamiltonian exists, the zero order in Coulomb interaction is less 
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clear for composite excitons. Of course, we guess that "zero order" means to replace in 
eq. (4.14) H by {Ei + Ej — 2Eq). Actually, this can be shown in a clean way. By using 
the following identities, rederived in appendix E, 



a-H 



B = B 



a-H 



V 



a-H -Ei 



with W-{t) given by 



dx 



-ixt 



1 



2i7r X — H + irj ^ x — H — Ei + irj 



(4.15) 
(4.16) 

(4.17) 



it is straightforward to show that 



Ft{H - a) B\ = B\ Ft{H + Ei - a) + V/(t) 

where Vj{t), equal to 

Vl{t)=\Ft{H-a)V^ -e^'^'W^it) 



(4.18) 



a-H -Ei 



(4.19) 



gives zero when acting on vacuum, while, due to eq. (1.8), it gives a state which is at least 
linear in ^ when acting on excitons. Consequently, since {H - Ej) B]\v) = 0, we do end 
with the result we guessed, namely 



Ft{H-{H)o)BlB]\v) = Ft{E, + E^-{H)o)BlB]\v) + Vj{t)B}\v) 



F,{E, + E, - 2Eo) BjBjlv) + 0(0 • 



(4.20) 



The contribution to the transition rate, quadratic in Coulomb scatterings, is thus given 



by 



F,iE, + E, - 2Eo) {v\B,B, {EmnUl^o) BlBl\v) - Voo bI'\v)} 



T- ■ 



[2 - 2A (0 0)] 



(4.21) 



Due to eq. (4.9), the scalar product with the sum in the above equation gives 2 ^' 



"dir fj 
i 



-2A [I I 



00) 



whatever a and h are, while the scalar product of the other term reduces to 
for zj ^ 00. We then note, either from dimensional arguments or from precise calculations 
using eq. (1.4), that the exchange parameters between bound state excitons are of the 
order of {ax/L)^ . So that this other term, which is a factor (ax/L)^ smaller than the 
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sum, can be neglected in eq. (4.21). Since energy and momentum conservation in the 
transition rate imposes i ^ j, we end with a transition rate from |0oo) to |0jjyoo) given by 

1 



47r 



e'^^ H o) - t H 'o) ' + E,-2Eo). (4.22) 



Note that the above expression is formally identical to the one for bosonic excitons ob- 
tained in eq. (3.13). We will come back to this similarity later on. 

Let us now turn to the lifetime of the state |0oo)- We can obtain it from eq. (2.6). 
By replacing Ft{H) by its zero order contribution, we first note, using eq. (2.3) with Ft 
acting on the left, that 

^ Fi(O)(0oo|P±i/0oo) (4.23) 

is second order in ^ since (<^oo|-fj_ = 0. Consequently, | (f/'oolV^t) P gives a contribution to 
the lifetime in If we now turn to {iptli^t), it reads, using eq. (4.11), 



-VooFt{0)Bl^\v)} + 0{e) . (4.24) 
Since P±Bq^\v) = 0, we can drop the Bq^\v) terms of the bracket, so that 

i^M = j-^-r^Av\BlHP^ J2 BlBi\v)mE^ + E^-2E,)\'^{l',) 

TTOVI ^ (m^o) ^t{E„^ + En - 2Eo) 



[2 2A ([} [})] „„_^oo 

(i o)* {v\B,B,BlBi\v) - V,l{v\B'oBlBi\v) 



X l^^[io) {v\BiB,Bl^Bl^\v) - V^^{v\B-^Bl,.^Bl^\v) . (4.25) 

From eq. (4.9), the sum in the bracket gives [2^'^''' (^°o) — 2^™ (J5^°o)]*' while the second 
term reduces to [— 2V"ooA (q J^)], as mn ^ 00, which makes it negligible compared to the 
first term since A ([] J^) =0 {ax/L^^. By dropping A ([] []) in the denominator of eq. 
(4.25), for the same reason, we end with 

-i = 2vr E [e'^^(::.°o)-r(™°o)]*e(".°o)5t(^.. + ^n-2i?o) + 0(a. (4.26) 

''0 mn^OO 

From the above expression, we may think that the lifetime depends on the choice of 
the arbitrary constants (a, 6) entering ^{^%)- Of course, this is not true ! A simple way 
to see it is to come back to the expression (4.11) for P^HB^q\v) . In it, we can replace 
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^(m°o) by ^'{l,°o) defined in eq. (4.7), due to eq. (1.6). This leads to replace ^(;^°o) by 



e'(;;°o)ineq. (4.26). Since e(;^°o)+e'(;;°o) =e v™ o; " . KmoJ, 



^™ (11°), whatever a and b are, 



jdir /n 
5 Km 

we find, by taking half of the sum of the two expressions of I/tq, that the |0oo) lifetime 
at second order in the interactions is given by 

2 



1 

— = 71 
To 



E fdir (n 
|S \m 

rnn=iOO 



in / n 
m 



^t(-E'm. + — 2Eo) 



(4.27) 



whatever the arbitrariness of the scattering ^ used to calculate this lifetime is. 

By comparing eqs. (4.22) and (4.27), we find that the inverse lifetime and the scattering 
rates are related by 

1 1 1 

(4.28) 



1 - 1 V ^ 
To ~ 4 ^ 



Let us end this section by showing how this link between tq and the Tj^'s, could have 
been obtained, along the idea we have developed in ref. [20]. As for the link between tq 
and the Tj^'s for bosonic excitons, this derivation relies on a closure relation which exists 
for composite exciton states. The existence of such a closure relation was surprising to us 
at first, because the two-exciton states are not eigenstates of any Hamiltonian; they are 
not even orthogonal. It is however easy to check that 



^) = ^T.bIb]\v){v\b,b,\<^) . 



(4.29) 



Indeed, using eqs. (4.1) and (1.6), we get 



(vlBmBn 



Y^BlB}\v){v\B,B^\<i>) 



l{v\BM^)-l{v\T.^{':n'^)B^B,m 

(4.30) 



2' ' ' ' 2 
{vlBn^B^m 



whatever {m,n) are. Since eq. (4.29) is valid for any state |$), we are led to write 



I=-Y^BlB]\v){v\B,B, 



(4.31) 



Let us stress that, in contrast to the standard cases, in this closure relation the exciton 
states are not normalized. 

The above identity, inserted in (iptli^t), leads to 



To 4 



\{v\B'om'+ E MB.B.m' 



1 

4 



2 - 2A (q 



^00 



m'+ E [i+'5..-A(iO-^Ci)]K'^^.i^*)i' • (4-32) 
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Since the state \il)t) is orthogonal to the initial state |0oo) at first order in the interactions 
(see eq. (4.23)), the term of the above equation reduces to the second term, in which 
i ^ ji due to energy and momentum conservation. Using eq. (4.14), we thus end with 

in agreement with eq. (4.28). 

We thus conclude that the direct calculation of the lifetime and the one using the 
closure relation for two-composite-exciton states both give the same prefactor 1/4 between 
I/tq and the sum of 1/Tjj's, instead of 1/2 as for bosonic excitons (see eq. (3.15)). As 
developed in the next section, this prefactor 1/4 has in fact dramatic consequences on a 
supposedly valid replacement of composite excitons by bosonic excitons. 

5 Composite boson versus elementary boson: the 
concept of "coboson" 

In order to understand the importance of the composite character of the excitons on the 
many-body physics of these particles, it is enlightening to carefully compare the results 
obtained using bosonic excitons with similar quantities calculated for composite excitons. 
As shown below, there is no way to produce neither the correct lifetime nor the correct 
scattering rates, using an effective bosonic exciton Hamiltonian, even if we accept this 
effective Hamiltonian to he non hermitian. Consequently, the excitons, as well as any 
other pairs of fermions, must be treated for what they really are: composite bosons or 
"cobosons", our work on exciton-exciton scattering showing the necessity to introduce 
such an object, and to construct a specific many-body theory adapted to them. 

Even if it is clear that the concept of effective bosonic Hamiltonian has been mainly in- 
troduced for convenience, it is still widely used because of (i) the very impressive literature 
which exists on bosonization and which claims to properly transform the semiconductor 
Hamiltonian H ^ written with electron and hole creation operators and 6^, into an effec- 
tive Hamiltonian written in terms of bosonic exciton operators b\ this replacement being 
considered as valid at low density, (ii) the claimed agreement with experimental results of 
physical quantities calculated using these bosonic excitons. The present work shows, as it 



25 



is well known, that correct experimental results can be reproduced by incorrect theories. 

The procedure used by Haug and Schmitt-Rink [2] to produce a bosonic exciton ef- 
fective Hamiltonian is rather famous among semiconductor physicists, probably because 
it is the most transparent one. However, the fact that their procedure is not symmetrical 
with respect to the "in" and "out" excitons, should have been a major alert with respect 
to its possible correctness. The exciton-exciton scattering Haug and Schmitt-Rink have 
produced reads in terms of two of our Coulomb scatterings as 

y(l) ^ pdiv (n j\ _ .out (n j\ /p-.N 
^ mm] S \m il S \m il • V"'-^/ 

Even if this has not been realized for quite some time, such a scattering has a major 
failure : Due to eq. (1.11), 

(yW \* ^ fdir (j n\ _ (^in (j n\ , y{l) /p. rf\ 

mnij J S \imj S \iml i * ijmn i \^ / 

SO that the associated potential term in the Hamiltonian is not hermitian ! This failure 
is easy to miss because physical quantities calculated using this interaction are expressed 
in terms of \Vmnij\^- However, with such a failure at the most basic level of the theory, 
namely in the Hamiltonian itself, there is a priori no reason to trust the obtained results. 

Before going further, let us mention that, if we performed a manipulation similar to 
the one done by Haug and Schmitt-Rink, but in a symmetrical way with respect to the 
"in" and "out" excitons, we would end with 



fin (n j\ I pout (n j 
T/(2) _ cAir (n j\ ^ i) ^ ^ \m ij _ , (2) y , . 

^ mnij ^ \m ij 2 K'ijmn) 5 \^''^) 

which is somewhat better than Vmlij-, as the corresponding Hamiltonian is at least her- 
mitian. 

Actually none of these V^}^^j or V^^^^j nor any other Vmnij can produce the exciton 
scattering rates and lifetime correctly, as we now show. 

Let us carefully compare the results obtained for bosons and cobosons, step by step. 

(1) The commutator for boson creation operators being just the A {^^^ exchange 
parameter appearing in eq. (1.2) for cobosons, reduces to zero for elementary bosons. 
Consequently, the two last terms of the scalar product (w ) as given in eq. 
(4.1) disappear for bosons, in agreement with eq. (3.4). 
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(2) Equation (1.6) has no equivalent for bosons, so that the decomposition of a state 
1%!)) is not unique on coboson states (see eq. (4.2)), while it is unique if we use elementary- 
bosons. 

(3) The normalization factor is somewhat more complicated for cobosons than for 
bosons (see eqs. (3.5) and (4.3)). This is rather unimportant for N = 2, since the ex- 
change parameters A between bound states are small compared to 1. Let us however 
anticipate in saying that, for large A^, this normalization factor has non-trivial conse- 
quences in problems dealing with many-body effects between cobosons. Indeed, we have 
shown [22,23] that 

{v\B^Bl'^\v) = N\F^ , (5.4) 

where F/v behaves as F/v — exp[— A^(- ■ ■ r] + ■ ■ ■ r]"^ + ■ ■ ■)], with r] = N{ax/L)^, while 
for elementary bosons we just have {v\Bq B^'^ \v) = N\, so that Fjy reduces to 1. This 
change is of importance for large samples since, for a given density, i. e., for a given rj, 
the product Nrj increases with the sample size, so that it can get larger than 1, F/v being 
then exponentially small. In most semiconductor experiments, and L are in fact such 
that Nt] is very large, so that in these experiments, the factor Fn is indeed very different 
from its bosonic value 1. 

(4) By comparing iJcfr-BQ^|t') with HBI^\v), as given in eqs. (3.6) and (4.5), we see 

(3) 

that the results are identical if we set Knnoo = Krmoo with 

r(3) _ ^dir (n j 



V^L, = [l^) . (5.5) 

However, due to the carrier exchanges inducing eq. (1.6), it is a priori possible to replace 
this C,'^" by —C'^ (m'^i)- This would lead to take Vmnij = Vmlij^ with 

T/(4) ^ _tin (n j\ /p. 

^ mni'j S Im il i \^'^J 

the physically relevant scattering actually being 

'^'^ - {I'.) - r (l^)] /2 , (5.7) 
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i. e., ^ (m'^j) for a = 6 = 1/2, as it is the only scattering stable with respect to carrier 
exchanges (see eq. (4.7)). 

(5) The situation gets somewhat better for {H)q: When comparing eqs. (3.7) and 
(4.10), we find the same result for bosons and cobosons if we take Vqooo — ^'^''^ (o o) ~ 
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(o o)' additional factor (1 — A (q [j)) ^ being negligible for {ax/ L) ^1. If we come 
back to the scatterings Vj^^^j and V^l^j generated by the bosonization procedure, given 
in eqs. (5.1) and (5.3), we find that they both lead to the correct {H)q since, for fermions 
with Coulomb interaction between them, (o o) = 0, while C (o o) = (o o)' as 
shown in appendix D. We can note that the correct (-f^)o is also obtained with V^^iji but 
it is missed with V^^ij V^^iji even if this vj^^ij can appear at first as the physically 
relevant scattering, due to its stability with respect to carrier exchanges. 

(6) If we now turn to P±HesB'l^\v) and P±HBI^\v) as given in eqs. (3.8) and (4.11), 
the results are identical if we take Knnoo = ^ (m o)' "with ^ given by eq. (4.6). In view 
of points (4,5,6), a reasonable choice for Vmnij which fulfils these 3 points appears at this 
stage, to be Vmnij = vinlij^ ^- ^ (m"'i) given in eq. (4.6), with a = 0. 

(7) If we now compare the scattering rates l/Tj^ for bosons and cobosons as given in 
eqs. (3.13) and (4.22), we find that they are equal if we take for Vmnij the quantity 

T/{6) ^ ^-dir (n j\ _ ym (n j\ ,^ o\ 

^ mnij S I m ij S I m i J ' \^'^J 

(5) 

which is twice the scattering V^nij- 

Actually, neither P^H\iIjq) nor {ipt) are physical quantities, so that there are no strong 
physical reasons to enforce these quantities to be the same for bosons and cobosons, by 
taking Vmnij as Vm^ij- this respect, we can note that Vmnij would also produce the 
correct {H)o, which is rather nice as (-f^)o is a physical quantity, being the expectation 
value of the energy in the initial state. 

This leads us to conclude that the best choice for Vmnij, as enforced by the obtention 
of correct values for the two physical quantities 1/Tjj and {H)o, appears to be Vmnij- 

(8) This best choice is however physically unacceptable because, as for we have 
7^ ^ijmn5 ^o that the corresponding bosonic Hamiltonian would be non hermitian. 

(9) Another major difference between elementary bosons and cobosons comes from the 
link between the inverse lifetime 1/tq and the scattering rates l/Tij: When comparing eq. 
(3.18) with eq. (4.28), we see that the prefactor 1/2 is transformed into a prefactor 1/4. 
This factor of 2 change is not unimportant ! It proves, in a transparent way, that it is 
impossible to construct a set of Knm/s giving both the lifetime and the scattering rate 
correctly: This destroys a nice physicist dream of finding an effective bosonic Hamiltonian 
for excitons, valid for every problem ! 
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This factor of 2 change can be traced back to the closure relations for bosons and 
cobosons (see eqs. (3.16) and (4.31)). Let us write them again, as they are crucial in this 
problem: 

1=Wb\b]\v){v\B,B, , 

I = Wb\b]\v){v\B,B,. (5.9) 

As fully clear from its derivation - done at the end of section 4 the additional factor 
1/2 in the closure relation for cobosons comes from the fact that, while boson states are 
orthogonal, exciton states are not, due to their composite nature. This additional factor 
1/2 is thus an insidious signature of the composite nature of the cobosons, i. e., of Pauli 
exclusion between their components: There is no way to forget this composite nature 
through an unique "dressed exciton-exciton scattering" , valid for everything, whatever its 
value is. 

6 Quantitative comparison of the various scatterings 

Let us end this discussion on composite excitons versus boson excitons, by a quantitative 
comparison of the various scattering rates appearing in this problem. These scattering 
rates are based on the four elementary scatterings which appear in a correct approach 
to the exciton many-body physics, namely and S. Let us reconsider them 

quantitatively in the particular case of scatterings between two ground state excitons in 
2D quantum wells, the two "in" excitons having the same center of mass momentum K, 
taken equal to zero for simplicity, since the various scatterings cannot depend on it, due 
to translational invariance. 

Equation (B.17) given in appendix B gives the direct Coulomb scattering as 

ftrq'' Z'S) = ^'"'(Q) = Vq \l{a,Q) - 7(-«eQ)r , (6-1) 

with 7((5) = {uQ\e'^^''^\h'Q). Using the normalized ground state wave function for 2D 
excitons given by 

(r|i/o)=e-2^/'^- ^S/iraj,, (6.2) 
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and the 2D Coulomb potential Vq = 27re'^ / L'^Q, this direct Coulomb scattering can be 
calculated analytically. It reads as 

.2 /^__x2 



ax \ / 



2n 



9 



9 



(6.3) 



where g{q) = [1 + g^/4]~^/^. 

We see from eq. (6.3) that ^'^"{Q) = for Q = and Q ^ oo. We also see that ^'^"{Q) 
stays equal to zero for ae = ah, i- e., for rrih = rrie, its maximum value being obtained 
for ah = 1, i- e., for nih ^ rrie. Fig. 2 shows the behavior of ^'^"{Q) for rrih ^ rrie and 
nih = 2me. 

If we now turn to the Pauli scattering associated with carrier exchanges defined in eq. 
(1.12), we find, from eq. (A. 7), 

2 



2M 



^ k 



:;o)=^^(Q) = 2;;^E(^o|k+^)(z.o|k-^)(z/o|k + ^)(z.o|k-^), (6.4) 



2 



2 



with Mx = + rrih and f3 = ah — ae- 

Using the normalized ground state wave function in momentum space for 2D excitons. 



(k|z/o) = V27r {ax/L) [1 + k'a'x/A] 



-3/2 



(6.5) 



this Pauli scattering can be reduced to a second order integral 

£(Q) = ^ g^Qax) 
ax V L / 



ae ah 



+ 00 



2-K 



pdp I def{p,e;/3Q/2)f{p,e;Q/2) 



■3/2 



pK cos 9 



(6.6) 



We see from eq. (6.6) that S{Q) is equal to zero for Q = and Q ^ oo. We also see that 
it stays equal to zero for ae = 0, i. e., for rrih ^ i^e- The numerical evaluation of S{Q) 
for ruh = rrie and rrih = 2me is shown in Fig. 3. 

As rederived in appendix D, this Pauli scattering £{Q) is nothing but the difference 
between the two exchange Coulomb scatterings, ^^"(Q) — ^°"'(<5), more precisely, the 
difference between their electron-hole contributions (see eq. (D.l)), since the electron- 
electron and hole- hole contributions to and are identical (see eq. (C.4)). Using 
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eqs. (C.8,9), these partial contributions between different fermions read 



in fi^o,~Q 1^0,0 



(6.7) 



Using the ground state wave function given in eq. (6.5), we can rewrite this scattering in 
Rydberg units as 



eS(g) 



ax \ L J 



2iv 



pdp / def{p,e;(3Q/2)f{p,e;Q/2) 

JO 



■ 2 

4 + p + —r- 



The partial "in" Coulomb scattering is shown in Fig. 4 for nih = rUe, ruh = ^rrie and 
rrih > me. 

If we now turn to the electron-electron and hole-hole contributions to the exchange 
Coulomb scatterings ^™ and we find, using eq. (C.5), that the contribution coming 
from identical fermions is given by 



fin /h),-Q ^0,0 
vo,0 I ^hh [ uo,Q uo,0 



1^ 1^ Ki(i^o|k+ ){uo\k ) 



X 



(kH — |t'o)(k — \iyo) + (kH — |z/o)(k — Wo) 



In Rydberg units, this scattering reads as a fourth order integral 



C={Q) = — (^) S^^iQax) 
ax \ / 

pdp de dr ^Fip,e-/-,e';^: 

Jo Jo Jo 27r II 



X 



F(p,0;-^,e';|) + F(p,e;^,^'; |; 



.(6.9) 



F{p,e-q,e'-K) 



p^ + + + 2Kq cos 9' 



1 2 



4 



pK cos 6 + pq cos{6 — 9') 



-3/2 



(6.10) 
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Note that, for q = 0, the function F{p,9;q,9';K) reduces to the function f{p,9;K) 
entering S and 

The numerical evaluation of the electron-electron and hole-hole contribution to the 
exchange Coulomb scattering is shown in Fig. 5, for rrih = rrie, rrih = 2me and rrih ^ me- 
From these two partial Coulomb exchange scatterings, we can obtain through 

C^iQ) = CiQ) + ^"^{Q) , (6.11) 

and through 

r\Q) = CJ\Q) + C^\Q) = CiQ) - S{Q) ■ (6.12) 

Note that C'^iQ) = ^""HQ) for SiQ) = 0, i. e., for Q = and Q ^ oo, as well as for 
rrih ^ me whatever the momentum transfer Q is. 

These two exchange scatterings are shown in Figs. 6 and 7. We see that they both 
cancel for a finite value of Q. 

From these elementary scatterings between two cobosons, we can construct the two 
linear combinations of these scatterings appearing in the transition rates of two ground 
state excitons with same momentum, towards two ground state excitons with momen- 
tum -t-Q and — Q, namely ^'^"^(Q) — C^{Q) as obtained through the many-body theory 
for composite excitons, and C,'^"{Q) — ^°^^{Q) as derived by the Haug and Schmitt-Rink 
incorrect effective Hamiltonian [2] . The correct effective scattering — ^™ is plotted in 
Fig. 8 for m/j = me, m/j = 2me and ^ mg, while the two effective scatterings C,'^^^ — ^™ 
and C,'^^^ — are plotted in Fig.9, to allow an easy comparison of them. We see that 
these two effective scatterings have a similar behavior, as possible to guess from physical 
arguments, their values being however significantly different except for mh ^ me- We also 
see that these effective scatterings both cancel for a finite value of the momentum transfer 
Q, the scattering rate of the associated process being then infinite. Let us stress that this 
somewhat unexpected result is obtained within the Born approximation — through the 
use of the Fermi golden rule. It might be specific to this approximation and disappear 
when higher order terms in Coulomb interaction are taken into account. However, it is 
also quite possible that this cancellation survives to all order in Coulomb interaction, 
since similar situations are known to occur, for example in atomic physics. 
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7 Conclusion 



In the present work (paper I) on the exciton-exciton scattering, we concentrate on the 
importance of the exciton composite nature. We show that there is no way to get rid 
of this composite nature, by replacing the excitons by elementary bosons with Coulomb 
interaction dressed by carrier exchange, whatever is the way we dress it. For this purpose, 
we have here studied the problem of the lifetime and scattering rates of just two excitons, 
without spin degree of freedom. 

While this paper is written in terms of excitons, the obtained results can be generalized 
to other composite bosons such as the ones found in cold gases much studied these days in 
atomic physics. Since the problems raised by replacing composite excitons by elementary 
excitons are generic, we are led to believe that fermion exchange between composite atoms 
should also play a significant role in the physics of these systems, as well as in the physics 
of other composite bosons. 

The forthcoming paper II will be devoted to the importance of the spin degree of 
freedom in the scatterings of just two excitons and to the resulting polarization effects, 
since two bright excitons with opposite spins scatter into two dark excitons. Finally, paper 
III will study the many-body physics associated with these scatterings, through the time 
evolution of ^ 1 excitons. 

We wish to thank Marc-Andre Dupertuis for a careful study of the manuscript and 
his valuable comments. 
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APPENDICES 



In previous works using our "commutation technique" for composite exciton interac- 
tions, we have obtained important results on the various scatterings between two excitons. 
The readers interested in this new many-body theory for cobosons can find useful to have 
them all rederived with coherent notations, some of the derivations we here give being 
actually simpler than the ones we first proposed. 



A Exchange parameter 

Using the exciton creation operator Bj in terms of free pairs given in eq. (1.1), the 
commutator of two composite exciton operators appears as 



Bm, -Bj 



Pe,Ph,ke,kh 



(A.l) 



Since the commutator of two free pair operators is 



^p,,ke ^Ph,kh - ^ph,kh Ctke^Pe " ^Pe.ke 4. ^Ph 



(A.2) 



the "deviation-from-boson operator" Dmi defined in eq. (1.3), is given by 



Dmi= {(|^m\Pe,Ph){K,'i^h\(i)^) {5p,,MH0'l^(^Pe+ ^Pe,kA,bph 

Pe,P/i,ke,k;, 



(A.3) 



Using this expression of Dmi, we get 



D fit 



Pe,Ph,ke,kh,k^,k'^ 



Pe, P/i)(ke, ^^h\(t)^) {K^ K\(t^j) 



X (V,k,5p,,k^4^6i,^ +(5p,,keV,k;4^4j • (A.4) 



If we now write the free pair operators in terms of exciton operators, according to 

4A=E(</'n|ke,k,)5l, (A.5) 

n 

easy to check from eq. (1.1), we readily get eq. (1.2), in which we have set 



E 



Jke,k^) (0„|k^,kft,) (ke,k,,|0i) (kg,k'^|0j-) 

\ (m i\ _ \ (j ri" 



M-h M-'e -i^'h 



(A.6) 
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If we turn to real space, this equation gives the expression of A (^^"'j) given in eq. (1.4). 
Using it, with (r|i/j) replaced by X]k(r|k)(k|'^i), it is possible to write this exchange pa- 
rameter in terms of the center-of-mass momenta and relative motion indices of the "in" 
and "out" excitons, as 

A = E(-".ik + ^) (-.ik - ^) (k + ^w.) (k - ^w,) , (a.7) 

k 

where P± = 2ahP + [oh i ae)Q. Note that this exchange parameter does not depend 
on the total center-of-mass momentum 2K of the "in" and "out" excitons, as physically 
expected. 

The link between A (^'^i^ and the possibility to form excitons with different pairs also 
appears if we couple the pairs of two excitons in different ways. Indeed, by using eq. (1.1), 
we find 

If we now use the free pair at bt to form the m exciton and the free pair at bt to 
form the n exciton, according to eq. (A. 5) we get 

BIb] = -T.BlBi E (ke„k,j0,)(ke,,,k,j0,-)(0^|ke„k,^,)(0„|ke,.,k,j 

van ke,,k,^.,kh^,kft^. 

= -EA&^.) i?;Li?l = -EA(n/) (A.9) 

mn mn 

Since BlBi = B^B^ 

Let us end this part on the exchange parameter by deriving a quite useful relation on 
a sum of A's. Starting from eq. (A. 6) and using the closure relation for excitons, namely 
Em(Pe,Ph|0m)(0m|ke,k,,) = V,ke^Ph,kh and the one for free pairs, 
l]ke,kh(0p|ke, k/i)(ke, k/i|0j) = 5pi, we immediately get equation (1.5), which shows that 
two hole exchanges reduce to an identity, as physically reasonable. This however has, as 
a bad consequence, the fact that counting the number of A's in a given quantity, does not 
amount to count the number of exchanges between the excitons involved. 
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B Direct Coulomb scattering 

Let H = Hc + H\i + Vcc + Vhh + Vch be the semiconductor Hamiltonian. The commutator 
of the exciton creation operator B\ with the electron kinetic part gives 



(ke, kh\(^i) [alap, alblj = ^ (ke, k^J^i) albl 



(B.l) 



with a similar result for ifh- The electron-hole Coulomb part gives 



^q(ke,kft|0i) [aj,^+q6j,^_q6p^ap^,aj,^6j,J , (B.2) 

Pe,Ph,ke,kh,q 



the commutator between free pairs being equal to 



<^Pe,ke^Ph,kh ajce+q^kh-q 
-5pe,ke «'k^+q^k;,^Ph-q^Ph + ^Ph-kh ak^^k^-qO-p.^+qape • (B.3) 



To go further, we can note that, for excitons eigenstates of the semiconductor Hamiltonian, 
we have 

HB}\v) = {H, + H^ + V,i,)Bj\v) = [{H, + Hi, + V,^),B}]\v) = E,B}\v) , (B.4) 

with Ei = A + + Qf/2{rne + rrih), where A is the band gap ; so that, if we insert eqs. 
(B.1-3) into this eq. (B.4), we find that the |0i)'s are such that 



{e^l + e'^l) (ke, k,|</.,) -YV^ {K - q, k, + q|</.,) = (k^, ^^h\<t>^) 

q 

Consequently, the commutator [{H^ + H\, + Vch), B\] \ eventually reads 

\h, + H^ + Veh), 5|1 = E, B\ + y/^''^^ , 



(B.5) 



(B.6) 



with V^^^^'^ given by 



t(eh) 



E V^q(ke,k,|0,) UI^+XE^: 



Pfe-q"p/i "I" "k. 



Pe+q^Pe 



(B.7) 



q.ke.kfe 

In a similar way, we find 



Ph 



V; 



]{ee) 



J2 Vq (ke, kh\(j)i) al^^^bl^ J2 4>e 

q,ke,kh Pe 



-q'^Pe ) 



Y Vq (ke, kh\(i)^) a^^.+q E ^^-q^i 
q.ke,k,i 



P^l 



(B.8) 
(B.9) 



Ph 
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So that we end with 

= E,B\ + V^, (B.IO) 

= V^^^'^ + + r/^^'^) . (B.ll) 

We now turn to the commutator of this creation potential with the exciton creation 
operator. From eqs. (B.8) and (1.1), we get 

= Ki(ke,k,|0,)(k;,k'j0,)aI^+X<-q^lc', ■ (B-12) 

q,ke,kh,k^,k'^ 

We can rewrite the free pair operators ^k^+q^k, and a\^i in terms of creation operators 
for [m^n) excitons, according to eq. (A. 5). This leads to 

= ECt'&'0 B^rnBi. (B.13) 
mn 

where the direct Coulomb scattering due to electron-electron interaction is given by 
Ci^j) = E Ki(ke,k,|0,)(k;,k;,|0,)(0„|k, + q,k,)(0„|k;-q,k;) . (B.14) 

If we go to real space, this scattering reads 

ife (m^i) = / dr^dr^, drhdru' (t^lnije, r^) (plr^', Vh') 0i(re, yh) 0j(re', Vh') Vee' , (B.15) 

where Vee' = /\^e — ^e'l = Z]q e*''*^ ^ is the Coulomb interaction between the 
electrons e and e'. As for the exchange parameter, we can rewrite this scattering in terms 
of the center-of-mass momenta and relative motion indices as 

= (i^„^|e*"'^Q->.) (z/^le-^^'^Q-^i^,) . (B.16) 

By using the same procedures for y)^'^'^'^ and V^'^^^\ it is easy to recover eq. (1.8), 
where, in real space, the direct Coulomb scattering between two excitons is given by eq. 
(1.9). In terms of the center-of-mass momenta and relative motion indices, this direct 
Coulomb scattering appears as 

l^K) = V^{u^y--^-^ - e--Q-|z.,) (z.„|e-^-Q- - e^-Q-l^.,) . (B.17) 

Note that depends neither on the total momentum 2K of the "in" and "out" excitons, 
nor on the center-of-mass momenta of the "in" excitons separately, namely on p, but just 
on the momentum transfer Q. 
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We can note that, when one of the excitons stays unchanged, we have 

e'^'^(r/) = o, (B.18) 

as can be seen by interchanging e and h in the integral of eq. (1.9). Indeed, 0*(re, r/i)0j(re, iCh) = 
|(re — rh\(p^^)\'^ stays unchanged under this manipulation, whatever the parity of the rel- 
ative motion wave function of the i exciton is. This result physically comes from the fact 
that, in the case of excitons, the repulsion between identical fermions is as large as the 
attraction between different fermions. Let us stress that this property is no more valid 
for "cold atom" composite bosons, which only have an attractive part between different 
fermions in their interaction. 



C Exchange Coulomb scatterings 

From the direct Coulomb scatterings C,'^" (m'^i) and the exchange parameters A (^■'i); '^^ 
can construct two rather important exchange scatterings defined in eqs. (1.10) and (1.11), 
in which the carrier exchange takes place after or before the Coulomb interaction. By 
using eq. (1.5), it is easy to show that we also have 

^'{i^) = T.Hyr)r{:i) , (c.i) 

rs 

= ErHi'r)H:i) ■ (C.2) 



From the definitions of A and in r space given in eqs. (1.4) and (1.9) and the 
fact that Es0s(i"ei,rhj0s(re2,r,,2) = 5(rei - re2)5(rftj - r/^J, it is easy to recover the 
expressions of ^"^ (^Jij and (^n'^ij given in eqs. (1.10,11). These equations show that, 
while 

r"&^.) = [rO :)]* , (C.3) 

we have for the contributions coming from Vee' and Vhh' separately 

with c = e OT h. This identity comes from the fact that the electron-electron and hole-hole 
scatterings are between both, the "in" and the "out" excitons, whatever the position of 
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the carrier exchange is, while this is not true for the electron-hole parts. In terms of the 
center-of-mass momenta and relative motion indices, these ^^c' S appear as 

/i^„,K-p-Q v,,K-p\ _ V- V- y / ,1 P- + q \ /,. 11, _ P + q \ 

Sec' \^i/„,K+p+Q i/,,K+pJ ~ '^qx'^ml^ + o /V'^nl*^ r, / 

k q^O ^ ^ 

X (k+ — ^ |z/i)(k ^ , (C.5) 

with the upper sign for (ee') and the lower sign for {hh'), the momenta P± being defined 
as for the exchange parameter A (see eq. (A. 7)). 

Similarly, the contributions to coming from Coulomb interactions between electron 
and hole read 

X (k+^±^|z.,)(k-^±^|z.,), (C.6) 

with the upper sign for {eh') and the lower sign for [he'). 

It is of interest to note that, in these ^J,^/, the sum over q can be readily done through 

ek (k|z/) -Y,V^{k + q\u)= (k|z/) , (C.7) 
q 

with ek = k'^/2fix and fx^^ = + m^^, which follows from eq. (B.5). By setting 
k' = k — q/2, we then find 

I'njK-p-Q l/j,K — p\ 1-^/ N , / P— , , , P- 



>-in / I'njK.-p-l^ l/j,J^-p\ _ N, II II' \ 



k' 



X (k' + ^|z.,)(k'-^|z.,). (C.8) 



In the same way, by setting k' = k + q/2, we find 

^in /i^„,K-p-Q i^j,K-p\ ■r-^/ X , 11 / , P-\ / II / P- \ 

ihe' U„„K+p+Q r.-,K+pj = Z^i^u,, " ek'-P./2) (l^m|k + — ) (z/„|k - — ) 



X (k' + ^|z.,)(k'-^|z.,). (C.9) 

Note that these eqs. (C.8) and (C.9) are similar to the expression (A. 7) of the exchange 
parameter, except for the prefactors. 
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D Energy-like Pauli scattering 

With A (l^'^i) alone, we can construct an energy-like scattering defined in eq. (1.12), 
which does not contain any Coulomb scattering between excitons explicitly. However, 
this 8 (m/i) scattering which seems to only rely on the composite boson character of 
the excitons through is nothing but the difference between the two exchange 

Coulomb scatterings, as written in eq. (1.13). In order to derive this relation, we write 
r - using eqs. (1.10,11). This leads to 

C {I'i) - r' (™'.) = / dr, dr,, dr, dr,, C(re, r,0 0;(v, r,) 

X [Veh + Ve'h' - Veh' - Ve'h] (pii^e, Th) 0j(re', Th') ■ (D.l) 

So that this difference only comes from electron-hole interactions, in agreement with the 
fact that the contribution from electron-electron or hole-hole interactions are similar for 
"in" and "out" Coulomb exchange scatterings (see eq. (C.4)). 

By turning to k space, we find that the Veh term of the above equation reads 

J dVe dVe' dVh dVh' ^^(re, Vh') C(l^e'5 Tft) Veh M^e, Vh) </'j(re', Vh') 

= J2 ^q(0m|ke,k;,)(0„|k;,kfe)(ke-q,k?, + q|0i)(kg,k;,|0j) 

ke,kh,k^,k^,q 

= E ^(4? + e£)-i?.)(0™|k,,k;,)(0„|k;,k,)(ke,k,|0,)(k;,k',|0,) , (d.2) 

ke jk/i ,kg,k^ 

where we have used eq. (B.5). By calculating the Ve>h' (resp. Veh' and Ve'h) term of eq. 
(D.l) in a similar way, we find that it reads as the last line of eq. (D.2) with the prefactor 
{^S+i'!-E^) replaced by (ei) + e^^^ E,) (resp. {eQ+e^^^E^) and (eg + - E„))- 
By adding the four terms, we eventually get 

r{i\)-r'{i\) = {E^ + E^ - E, - E,) 

X i'Pn.lke, K) (0„|k'„ k,) (k„ kh\<P^) (K, K\cj>j) 

ke Mh 

= {E^ + E^-E,- E,) X (:;^,) = 8 . (D.3) 

Note that it is possible to recover this result directly from eqs. (C.3,4) and (C.8,9). 

As a useful consequence of this eq. (D.3), the "in" and "out" exchange scatterings are 
equal if the energies of the "in" and "out" excitons are equal. This in particular shows 



40 



that they are equal for diagonal processes: 



E Key equations to get correlation effects and time 
evolution of composite excitons 

Correlation effects between composite excitons are obtained from the iteration of eq. 
(4.15). This equation follows from the commutator [H,bI]. Indeed, eq. (1.7) gives 

HBl = BjiH + E,) + V,^ , (E.l) 

so that 

Bj{a-H-E,) = {a-H)Bj + V^ . (E.2) 

If we now multiply this equation by (a — H)"^ on the left and {a — H — Ei)~^ on the right, 
we readily get eq. (4.15). 

Equation (4.15) can be used to obtain the time evolution of exciton states as an 
expansion in Coulomb scatterings. For that, we first note that 

^-^Ht ^ _ / ^ J. 3 

j-oo 2ni X — H + If] 

which is valid for any t and 77 > 0. This is easy to check either by performing, in a formal 
way, the integration over the path made of the real axis (—00, +00) and the lower infinite 
half circle, or by performing the same integration after having projected the operator at 
hand over a complete basis made of the H eigenstates. This path goes around the pole 
z = H — irj, while it gives a negligible contribution over the circle z = Re^^ for — tt < 6' < 
and R +00, since t > 0. 
This leads to 

^1 



D 2i7i X — H + irj * J -00 2i'K 



B 



' v: 



X — H ~ Ei + ir] 

, (E.4) 



X — H + ir] X — H — Ei + ir] 

due to eq. (4.15). From it, we readily recover eqs. (4.16,17), where the operator W-{t) 
gives zero when acting on vacuum. 
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Figure 1: (a): Pauli - or exchange - parameter A (^^ between two "in" excitons (i, j) 
giving rise to two "out" excitons {m,n), as defined in eq. (1.4). (b): Direct Coulomb 
scattering ^'^^ (mi) defined in eq. (1.9). (c) and (d): Coulomb exchange scatterings 
■C™ (m i) s-iid •'j) as defined in eqs. (1.10) and (1.11). In the Coulomb processes 

take place between the "in" excitons, while in they take place between the "out" 
excitons. In all these diagrams, the solid lines represent the electrons while the dashed 
lines represent the holes, the wavy lines representing the Coulomb interactions between 
the fermions of the excitons represented by double electron-hole lines. 
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Figure 2: Direct Coulomb scattering {""o'q ul'fi) given in eqs. (6.1) and (6.3) for two 
quantum well ground states excitons with same momentum taken as 0, scattered into two 
ground state excitons with momenta (+Q) and (— Q) for three values of m/i/mg. Thick 
solid line: rrih ^ rrie] thin solid line: rrih = 2me; thick dashed line: rrih = irte- This plot, 
as all the other following plots, are done in reduced units, namely, (e^/ax)(ax/-^)^ for the 
scatterings and a]^ for the momenta (see eq. 6.3)), ax being the 3D exciton Bohr radius. 
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2 4 6 8 10 

Q 

Figure 3: Energy-like scattering S {^II^q l^o'.o); given in eqs. (6.4) and (6.6), constructed 
on the dimensionless exchange parameter A (see eq. (1.12)), for rrih = rrie, rrih = 2me 
and m/j ^ rrie (same notations as in Fig.2). 
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2 4 6 8 10 

Q 

Figure 4: Contribution to the "in" Coulomb exchange scattering (^uo~Q i/o',o) > coming 
from electron-hole interactions (see eqs. (6.7-8)), for nih ^ rrie, nih = and nih = me 
(same notations as in Fig. 2). 
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Figure 5: Contribution to the "in" Coulomb exchange scattering (^uo <^ t-o'o) ' coming 
from electron-electron and hole-hole interactions (see eqs. (6.9-10)), for nih ^ rrif., rrih = 
2me and rrih = rrie (same notations as in Fig. 2). 
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-4 I \ \ \ \ I 

2 4 6 8 10 

Q 

Figure 6: "In" Coulomb exchange scattering ^™ (^"i^o^Q ^-o'.o)' resulting from all Coulomb 
interactions between the "in" excitons (see eq. (6.11)), for rrih ^ rrie, rrih = 2me and 
rrih = nig. (same notations as in Fig. 2). Note that these scatterings cancel for a finite 
momentum transfer Q. 
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-4 I \ \ \ \ I 

2 4 6 8 10 

Q 

Figure 7: "Out" Coulomb exchange scattering ('^^o^ 'Z'st) ' resulting from all 
Coulomb interactions between the "out" excitons, for rrih ^ frif,, rrih = 2m(, and m/j = 
(same notations as in Fig. 2). We see from Figs. 6 and 7 that the "in" and "out" Coulomb 
exchange scatterings have similar behaviors while their precise values are different except 
for m/j ^ irte (thick solid line) or for zero momentum transfer Q. 
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Figure 8: Effective scattering ^dir_^in appearing in the transition rate of two excitons with 
same initial momentum, as obtained from the many-body theory for composite excitons, 
for m/j ^ me, rrih = 2me and = mg (same notations as in Fig.2). We see that 
this effective scattering cancels for a finite value of the momentum transfer Q, this value 
depending on the mass ratio. 
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Figure 9: Solid line : effective scattering — which appears in the exact calculation 
of the transition rates of two excitons having same initial momentum, as a function of 
the momentum transfer Q. Dashed line : effective scattering C,'^" — as obtained from 
the effective bosonic Hamiltonian up to now used. Fig. (a) corresponds to rrih = rUe, while 
Fig.(b) corresponds to rrih = 2me, the two effective scatterings being equal for rrih ^ me, 
as seen from eq. (6.12). The noticeable discrepancy between these effective scatterings 
questions the significance of the "very good agreement with experiments" obtained by 
using such effective bosonic scatterings, since in real experimental conditions, the exciton 
mass ratio mh/rrie is large but finite. 
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